Introduction and preliminaries
Let B.H / denote the C -algebra of all bounded linear operators on a complex Hilbert space H with inner product h ; i. denote the numerical radius, the usual operator norm of A and the absolute value of A. It is well known that w. / is a norm on B.H /, and that for all A 2 B.H /, 1 2 kAk Ä w.A/ Ä kAk:
(1-1)
Here are some basic properties of the numerical radius:
w.jAj/ D kAk; 
For additional properties of the numerical radius, see [Bhatia 1997; Halmos 1982] and references therein. Consider A D OEA ij , where A ij 2 B.H / and i; j D 1; 2; : : : ; n. We define C.A/ D A 11˚A22˚ ˚A nn , called the n-pinching of A. We set z D e 2 i=n and U WD diag.I; zI; : : : ; z n 1 I /, where I is the identity operator in B.H /. Using the identity [Bhatia 2000; 1997] ).
It is shown in [Kittaneh 2005 ] that if A; B; C; D; S; T 2 B.H /, then
for all˛with 0 Ä˛Ä 1. In particular, if A; U; P 2 B.H / such that U is unitary and P is projection, we have
(1-10)
The last inequality refines the second inequality in (1-1); see also [Kittaneh 2003 ].
In [Kittaneh 2007; Bhatia and Kittaneh 2008] it is shown that if A; B; X 2 B.H / such that A and B are positive, then
where jjj jjj is a unitarily invariant norm.
In particular,
kAX XAk Ä kAkkXk:
(1-11)
In this paper we establish some inequalities sharper than inequalities (1-9) and (1-11) to the numerical radius and we give a new proof of inequality (1-10). Some applications of these inequalities are considered as well.
Main results
In [Bhatia 1997 ] it is shown that
where jjj jjj is a unitarily invariant norm. In this paper we extend this inequality to the numerical radius. We begin by establishing an interesting property of the numerical radius.
where the inequality follows from property (1-4). 
jA i j; 0; : : : ; 0
ÁÁ :
Proof. For the first inequality, we have, using (1-5),
For the second inequality first we suppose A 1 ; A 2 ; : : : ; A n to be positive, so 
We show similar inequalities for the numerical radius. To achieve this, we need the following lemma [Kittaneh 2005 ]. by inequality (1-8). This proves the inequality (2-2). To prove the inequality (2-3), we note that
Since B is arbitrary, we have max.w.BC /; w.CB// Ä 2w
We observe that 2
Corollary 2.6. If A 2 B.H /, then
Ä kAk:
Proof. Since A C A is self-adjoint, we have 
We use some similar strategies as in [Kittaneh 2007 ] to prove the next two results.
Theorem 2.8. Let A; P 2 B.H / such that P is a projection. Then
Proof. Using the decomposition H D ranP˚ker P and equality (1-6), we represent P as the form P D 
where the inequality follows from (1-8).
Theorem 2.9. Suppose that A 2 B.H / is positive. Then
Proof. First we prove that if A is positive and a contraction, then
. By the inequality (2-4), we have
Now if Q D Proof. By (2-6) and the arithmetic-geometric mean inequality, we have kT T T T k D 2kAB BAk Ä 2kAkkBk Ä kAk 2 C kBk 2 :
